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Type 1: Investigating a sequence of Numbers
This is an investigation about series and sequences involving permutations. From a
given series, I find the pattern of numbers that result from different values and use
graphs to conjecture an expression from the series. By using mathematical induction
and direct proof, I prove the general terms that I derived for the series.

Part 1:
The sequence of numbers a, | is defined by
a, =1x1ll, a, =2x2!, a, =3x3!, ...

.. From the pattern of different values of n in «, above, I conclude thata, =nxn !

Part 2:

LetS, =a, +.. +a,

If n=1
S, = a,were a, =1x1!
S, =1x1!
S =1
Ifn=2
S, =a,+a,were a, =1x1!, a, =2x2!
S, =1x1+2x2!
S, =1+ (2 x(2x1)
S, =1+4
S, =5
If n=3
S, =a,+a, +a,were a, =1x1!, a, =2x2,a, =3x3!
Sy =1x 142 x 214+3 x 3!
S,=1+(2 x(2x1) +(3x(3x2x1)
S, =1+4+R
S,=3

w

Part 3:

From Part 2, I know that:
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S, =1+4+B +. +nxn!

To conjecture an expression of S, , I first organize the results that are derived in Part
2 to discover a pattern in the value of S, as n increases.

Table 1.1:
n a, S,
1 1 1
2 4 5
3 18 23
n nxn! ?

The same results of S, from Table 1.1 can be represented as follows:

Table 1.2 :
n S"
1 2-1=(1+D)!-1=1
2 6-1= 2+1)! —1=5
3 24-1= (3+1)! —1=23
n (n+1)-1

.. From the patterns exhibited in Table 1.2, I notice that S, = (n+ 1)1 which is
further illustrated in Graph 1.1.
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In Graph 1.1, 1 plotted the
+ graph ofS, for the first

three values (represented by

green dots) and 1 assumed
that (n+1)! will lead to a
conjecture for S, and plotted

Sn / (nH)l

its values for n=1,23
(represented by red dots) .
From the two graphs, I

notice that (n+1)! is exactly
1 unit above S, for all three

points .. I conclude that: S,

=(n+1)! -1

(1.0,13.8)

L L L
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n

Graph 1.1
Part 4:
The conjecture that I derived in Part 3 for S, can be proven through Mathematical
Induction:
S5 Mx1H42x 243 x 34+ +nxnl=(n+1)-1"
(1) If n=1
LHS:1x1!=1

RHS: (1+11)—1=1
RHS=LHS=S§, =1
-8, is true

(2) It S, is true, then

IXIH2 % 2H3 %3+ +hkxkl=(k+1)-1

If k=k+1, then

S =(k+D)+1)-1
Sk+] = (k + 2)!_1

Now, S,,, = IxIH2x 243 x 3. +k xkl+(k + 1  k +1)

=S+ a,

=(k+D-1+(k+1)\k+1)
=k+D)(k+D)+1D -1

=(k+2)!-1 0 (k+1))(k+1)+1) = (k+2)!
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Thus S, ,, is true whenever S, is true and S, is true.
-8, istrue for alln

Part 5:

0 a, =nxn!, Luse this formula to show that a, = (n + 1) xn! is also true by
simplifying (n +1)xn! to equal nxn!

nxn!=(n+l)!-n!
=m+Dn!-n!'0 (nt+1)! = (n+1)n!
=n!(n+1-1)
=nxn!

soa, =m+1)-n!

Now, [ use a, = (n+1)xn! to device a direct proof for the expression of
S, = (n+1)—1that I conjectured in Part 3.

Ua,=(m+1)-n!
a, =(1+1)-11=2-1
a, =(2+1)-2!1=31-2!
a, =(3+1)-31=4-3

From Part 3, I know that S, =a, +a, +a,.. +a,
oS, = 21431214413 + nl-(n = 1) +(n + 1) —n!

When the first value of the first term is subtracted from the second value of the
following term, 0 is derived so I cancel these terms. After I cancel the values to the
most simplified manner, -1! and (n+1)! are left in the expression from which the
following equation is derived:

S, =m+1)-1
.. The conjecture of S, = (n+1)-1is proven

Part 6:

From Part 5, I know that:
a,=m+1-n

I use the equation of a, to derive an expression for a,,, by substituting n+/ for n

n+l
and simplify it:
If n=n+1, then
a,, =(n+)+1)-(n+1)
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= n+2)-(n+1)

Letc, =a, +a,,,

To expressc, in factorial notation, I substitute a, and «a,,, with their equivalent
factorial notation forms and simplify them:

c,=m+1)-n+(n+2)—-(n+1)
c, =(n+2)-n
~C,=n+2)-n

Part 7:

LetT, =c, +c, +. +c,

If n=1
T, =c, werec, =(1+2)-1
I, =(1+2)-1
T, =(3x2x1)-1
T =6-1
T, =5
If n=2
T, =c +c,were ¢, =(1+2) -1, ¢, = (2+2)x2!
T, =(1+2)-1+2+2)-2!
T, =3x2x1)-1+(4x3x2x1)-(2x1)
T,=6-D+ -2)
T,=5+2
T,=27
Ifn=3

T, =c,+c,+c;were ¢, =(1+2) -1, ¢, =(2+2)x2),¢c; =(3+2)x3!
T, =(1+2)-14+2+2)24+3+2)-3!

T, =0x2x])=1+(@x3x2x])-2x)+(5x4x3x2x1)-(3x2x1)
L=6-D+@& -2)+(I -6)

T,=5+2 +14

T,=H
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Part 8:

From Part 7:
T =c +c,+. +c,

T,=5+2 +4 .. +(n+2)-n!
To conjecture an expression of 7, I first organize the results that are derived in Part 7

¥

to discover a pattern in the value of 7, as n varies.

Table 2.1:
n C, T,
1 5 5
2 22 27
3 114 141
n (n+2)-n! ?

The same results of 7, from Table 2.1 can be represented as follows:

Table 2.2:
n T,
1 2x4-3=5=(1+1)1(1+3)-3
2 6x5-3=27 =(2+1)!(2+3) -3
3 2 x6-3=HW =3+1)!(3+3)-3
n (n+(n+3)-3

Thus, from the pattern exhibited in Table 2.2, I notice that 7, = (n+1) (n+3)—-3
which is further illustrated by Graph 2.1.
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T In Graph 2.1, 1 plotted the
1 graph of7, for the first
] three values (represented by
blue dots) and 1 assumed
that (n+1)!(n+3) will lead to
a conjecture for formula
for S, and plotted its values

>4
+&

100

(n-+11n+3)

for n=1,2,3 (represented by
green dots). From the two
graphs, [ notice that

Tn ¢

= (n+1)!(n+3) is  exactly
] greater by 3 units to 7, for
3 all three points .. 1
| conclude that: S, =
o (HD)Y(nt3) 3
10 15 20 25 30
(14,789) '
Graph 2.1
Part 9:

The conjecture that I derived in Part 7 for 7, can be proven through Mathematical
Induction:

T, is:c,+c,+. +c, =(n+1)(n+3)-3
T,=(1+2)-1+ Q)21+ ...+ (n+2)-n'=(n+1) (n+3)-3

(1) If n=1
LHS: ¢,
= (1+2)!-1!
=5

RHS: (1+1)!(1+3)-3=5
I =R§ =T,=5
- T, is true

(2) If T, is true, then
g+t o =+ (k+3)-3
A+2)-1' + 2021+ ..+ (k+2)-k!=(k+1) (k+3)-3

If k=k+1, then
Sia=(k+D)+D(k+1)+3)-3
Sy =(k+2)(k+4)-3

Now, S, =8, +¢;
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=(k+1) (k+3) =3+ (k+3)—(k +1)

—(k+ 1 (k+3)=1) =3+ (k +3)

= (k+1)!(k+2) =3+ (k +3)

= (k+2)(k+4)=3 0 (k+1) (k+2)+ (k+3) = (k+2) (k +4)

Thus T;,,is true whenever T, is true and 7, is true.
. T, is true for all n

Conclusion:

Through this investigation, I have developed my knowledge about series and
sequences involving permutations. I have learnt to use the patterns in a series to
conjecture an expression for it and I had an opportunity to utilize my awareness of
mathematical induction into proving the general term for the series. Most importantly,
I have learnt to use technology related to series involving permutations. I enjoyed this
investigation.



