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An infinite surd is a number that can only be expressed exactly using a root sign. Surds
are useful because they can represent irrational numbers that have an infinite number of
non-recurring decimals.

This expression is known as an infinite surd:
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It can be considered as a sequence of terms a,, where

a, =\/l+\/1
a, =\/1+\/1+\/I
%=ﬁ+M+M+ﬁ

a, =\/1+\/1+\/1+m

...etc.

It can be inferred from the first ten terms of the sequence that the relation of two
consecutive terms is @n+1 = V1 + @y,

Figure 1. Relationship between n and a,
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From Figure 1, it can be inferred that the sequence of the two following terms as:
a1 = V' 1+ @, The values of a,, are not exact because the values of a,, have an

infinite number of decimal points since it is a surd. When the value of # increases, the
difference between two consecutive values of n are smaller than

Graph 1

Infinite Surd (1)

1.65

1.6

1.55
[=
<
(1}

1.5

1.45

1.4

0 2 4 6 8 10 12
n

Graph 1 exemplifies the direct relationship between a, and n. As the value of n increases,
the value of a, increases. In other words, as n gets larger, the value of a, —a,,, gets
smaller. When n gets larger and gets closer to infinity, a, increases at a slower rate
(exta, —a, 0 a, —a,) However, the difference between a, and n will always be larger
than 0 in terms of ©C and can be represented by the equation a,- ap+1> 0.

Taking another infinite surd sequence will further expand patterns. The following is the
infinite surd of two:
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...cetc.

Figure 2. Relationship between n and b,

n b,

1 1.847759065
2 1.961570561
3 1.990369453
4 1.997590912
5 1.999397637
6 1.999849404
7 1.999962351
8 1.999990588
9 1.999997647
10 1.999999412

Table 2. Graph of infinite surd 2
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The value of b, approaches 2, but never reaches it (Refer to Figure 2 and Table 2 above).

Considering a generalization of an infinite surd, variables can be used to replace an

integer.

z ,v.-"',;. +\Vk+VE.
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Let x be this value:

k+ 1'|,"'I"+ v+ ...
X

T \ul'/.ﬁr + ‘l‘.l'flf.ﬁr + \/kr—k Vk+ .00

=.k+x,

JEk+x,
vk+x

xn+l
xEX)
£r =

w—x—k=0
Because the equation above is not factorable, the quadratic equation is used:

_—btb -da

X =
2a

1D - @k
By

o 1+ J() - (—4k)

2

SRR

2

1+4k has to be a perfect square because the Pythagorean Theorem states that Jx isan
irrational if n is not a perfect square. Note that the solution of x should be positive (Refer
to Figure 1 and 2). Thus, ignore the optional subtraction sign because it will make x
negative. The value of x is an integer; the numerator should be even because it has to be

divisible by 2. Because +/1+ 4k is added to 1, the value of +/1+ 4k should be odd in
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order to make the whole value of the numerator even. Thus, 1+4k should be a perfect
square so that +/1+ 4k is an integer.

To clarify the generalization above:

14144k _ bV —da
X=— =

2 2a

2 p—
1+4k represents the variable b° in the quadratic equation. Then, k = b -1

Consider that 5> —1 = even;b”> = odd; b = odd.

Let b=2d+1

2d +1)° -1

Then k = —d*+d=k=d(d+))

Therefore, k must be the product of two consecutive integers.

_1+N1+4k
2

Then, x

9

1

= I+4d(d +1) = L+ (22d L) =d +1 which thus is an integer.

2

We can test the validity of this equation by solving for k in the quadratic formula:

REVETT:

2

2x=1+~1+4k
(2x—-1)° =1+4k

@x-1’-1_

k

4
Table 3
k X
0 1
2 2
6 3
12 4
20 5
30 6
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Figure 3 and Table 3 show further exemplify the equations
x-1)° -1 1++/1+4k
2

=kandx = . There is direct relationship between k and x; when x

increases, k increases. The limitations of the general equations are mainly based on the
fact that x needs to be an integer. Thus 1+4k has to a perfect square and the square root
should be odd in order for it to be divisible by two. The scope of & is infinite because the
equation is based on a surd. The validity of the general statement of k only applies to

(2x-1)> -1

even numbers that fit into the equation =k . Figure 3 and Table 3 represent

that the value of an infinite surd is not always irrational and can be integer.



