Introduction
In this task, we are required to investigate the mathematical patterns within systems of

linear equations. We need to concept of matrices and algebraic equations in this task.

Body

Part A

X+2y =3
2Zx—y = —4

Consider this 2x2 system of linear equations {
- Let the equations be ax + by=c,

For the first equation (x + 2y = 3):a=1,b=a+1,c=b+ 1.

For the second equation ( 2x—y = —4):a=2,b=a-3,c=b-3

- I examined the constants of two equations, I identified there is the pattern of
an arithmetic sequence. For the first equation, the constants (1, 2, 3) starts
with 1 and has a common difference of 1; for the second equation, the

constants (2, -1, -4) starts with 2 and has a common difference of -3.
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- Then I solved the system algebraically:

{ x+2y=3 — (1)

2Zx—y = —4 —(2)

(1p:x+2y=3
2y=3—x
y=3ﬂx _(BJ

(2):2x—y=—4
—y=—4-—2x

y=4+2x —(4)

3—x

=4+ 2x

3—x=8+4x
—5x =5
x=-1
Substituting x= -1 into equation (4): ¥ = 4 + 2(—1)

Ly=2

The solution is x = -1, y=2.

- Tuse autograph to draw two lines on the same set of axes. To check the solution
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Equaton Z 2x=je=4

Equaticn 1. xe2y=3 |

The solution of this 2x2 system of linear equations is unique.

R S
(2) X 2:—10x— 14y = —18 —(3)
(1)+ (3): —10y=-20

y=2

Substituting ¥ = 2 into equation (1): x=(—2—-8)+10=—-1
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The solution is x = -1, y=2.

—10x—5y=0 —(1)
S PR,
(2) ¥ 20:10x+ 30y =50 -— (3)
1) + (3): 25y = 50
—

Substituting ¥ = 2 into equation (1): x= (0 +10) + —10=—1

The solution is x = -1, y=2.
e
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3 {3mc+(3.~c—5jy=3n—1o — (1)
4mx+ oy = —2n —(2)

2)x 2 Ix+imy=->n  —(3)

=
&

W-@3): (3n-5)y=2z-10

y=2

Substituting ¥ = 2 into equation (2): x= (—2n—2m) + 4n= —1

The solution is x = -1, y= 2.

{SEx—I— 3ey=e — (1)
Bx+6y=9 —(2)

2) X%e: %ex+33y= %e —(3)

(3)-(1): —Zex=Ze

x=-1
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Substituting x = —1 into equation (1): ¥y = (e +5e) + 3e =2

The solution is x = -1, y=2.

5 {\Ex+ 2V2y =342 — (1)
" (—3v5x— 2y/By = 5 —(2)

(1)xV5: V10x+ 2v10y=3v1 -(3)

—

(2) x V2 :—3y10x — 210y = —/1 - (@)

(4) + (3): —2v/10x= 210
x=-1

Substituting x = —1 into equation (1): ¥ = (3v2++2) +2V2 =2

The solution is x = -1, y=2.
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From the five 2x2 system of linear equations I have investigated, all of them have

a unique solution of x = -1, y =2.
Therefore, my conjecture is: for any 2x2 system of linear equations which have
the constants in the order of arithmetic sequences. They must have a unique

solution of x = -1,y =2.

And I came out with these general equations:

{ax+(a+c}y=a+2c -
bx+ (b+d)y=b+2d )
(1) % b+d : Elb+adx+ (b + d)y _ ab+ad+2Zbc+2cd _ (3)
atc atc atc
ab+ad ab+ad+2bc+2cd
(3) - (2): e P LEFE

ab+ad—ab-bc

__ ab+ad+2bec+2cd—ab—bec—2ad—-2ed

atc atc
ad—be_ _ bec—ad
atc atc
x=-1

Substituting x = —1 into equation (1): y =(a+2c+a)+ (a+c) =2

This system has a unique solution of x = -1, y = 2.
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To test

the validity of the conjecture,

| {4x+ 9y = 14
6x+ 9y = 12
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{4x+ gy =12
3x+6y=9

4
Equation 2 3x+6y-9

I | I
% 4 2 2 4

Equation 1: 4x+8y=12

There is limitation to this system: The ratio between the constants can’t be the
same for both of the equations. If the ratios are same, two lines are overlapped,

and the solutions become infinite.

10
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Now look at 3x3 system,

7x+8y+9z= 10

x+3y+5z=7
1 [
—4x — 8y — 12z = —16

By using GDC,

sYSTEM NRTRIA (2%4) SOLUTION SET | RREF (341 |

H E g 7 } Wil 241wz E% g 13 _;:I.Ei...}
[y g iz 1 ®e=3-2us [0 1 18,1281

HE=Hz

a=-le
HATNIRODETCLREILDADYZOLYEINATNWNODENSYZRY 570 YRREFINATNIERCKISYZNI 570 RREF |

From this, it is clearly shows there are infinite solutions. And the solution of this
systemisx=—2+m ,y=3—2m andz=m

Using 3-D sketch of autograph, we can see that three planes intercept each other at

one line




Therefore, x+y+z=—2+m+3 —-2m+m=1

9x+8y+7z=6
x+ 5y +9z= 13

SYSTEM HATRIG (=YD SOLUTION SET | EREF CZ=4) |

—3x—T7y—11z= —15
2 [

E ﬁ? 511 | -1 1 =9 ES-EE}H E% E _;1 ?:z }
WE S A2
[i 3 0 13 1 D25 [ i i 0]
da1="3
(MATNTHODENCLREICOACNZOLYEIMATRINODENS 2NN 270 TRREFINATAVEACKISY SR 570 RREF |
It shows the solution of this systemisx=—2+m , y =3—2m andz=m,
Txtoy+iz=1
3. Jx+6y+5z=4
2, -1
EERTRE E
Y1 ZOLUTION SET | EEEF £Z=4) |
E %.5 E.s |§|5 } i EE.:EEI}H E% E 1; _;15.... }
};:E: —_— _‘;{3 o omo o=dooo
[1.3.. 1 6. |31 D55 [ i i o]
ia41=.5

(HATNINODENCLRICOADNZOLYEI (MATNINDODENZYZRY £T0 IRREFIHATNMERCKIZTENT 270 KREF |

Again it shows the solution of this systemisx=—-2+m , y =3 — 2m

and z = m.
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2x+ 0y —2z=—4
6x+ 3y + 0z= -3

SYSTEM HATRIG (=YD SOLUTION ZET | EREF £Zx4) ]

[Dx—l—y—l—22=3
4

K1E£EEK3 E% E éi ;z }
Wr=i—dwz
o [a 0 0 noo]

i1.11=H

HAIMHODENCLRILOACT=OLYENRATNINODENSY R 570 TRREFIMAINNERCKIZYEHN 570 RREF |

Again it shows the solution of this systemisx=—-2+m , y =3 — Zm

and z = m,

V2x+ (V2+4)y+ (V2+8)z=v2+12
5. ex+ (e+3)y+(e+6)z=e+9
(7—nm)x+(5—m)y+(3—mz=1—n

SYETEM MATRIS (224D SOLUTION SET | EEEF 03=4) ]

E%; E; E; |13....} w1 B -2+1xz H E E'.1 ;z }
EE T O Ml meToTEws T [

KITRE

=2 14159265,
MAINVNODENCLRYLOADIZOLYE] (MAINYNODEVSYSNN 10 VREEFI (NAINVERACKIZYENT 270 REEF |

From the above solution, my conjecture is: for any 3x3 system of linear

equations which have the constants in the order of arithmetic sequences. They
must have a infinite solutionof x=—-24+m , y=3 —2m and z = m,

Andx+y+z=1

13
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Therefore, I came out with a general system:

ax+(a+d)y+ (a+2d)z=a+3d — (1)
bx+ (b+e)ly+ (b+2e)z=h+ 3e —(2)
cx+(c+f)y+(c+2f)z=c+3f -3

b+e ab+ae ab+ae+2bd+2de ab+ae+3bd+3de
(1) x ' x+(b+e)y+

m ' a+d a+d = a+d o (4j (

b b Zbd+2d b bd+3d
(4] _ (zj: (aa-—:ge_b)x_l_(a +ast + e_b_ze]z=a +as+3bd+3 E—b—3e

a+d a+d
ab+ae—ab—bdx+ ab+ae+2bd+2de—ab—bd—-2ae—2de _ ab+ae+3bd+3de—ab—bd—3ae—3de
a+d at+d a+d

(ae —bd)x + (bd — ae)z = 2bd — 2ae

- 2(bd—ae)-(bd-ae)z
ae—bd

x=z—2
Substituting x = z— 2 into equation (1):
az—2a+ (a+d)ytaz+2dz=a+ 3d
(a+d)y+2(a+djz=3Ea+d)
y=3— 2z
Let z=m
The solution of this systemisx=—2+m , y =3—2m andz=1m
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To test the validity of the conjecture,

—12x— 9y — 6z = —3
20x+ 15y + 10z=5

£UETEN HATRIY (334) £OLUTION SET [ RREF (2xq) |

[ 8xt+o6yt+4z=2

:EE B y : 1 x1BlA4-3rdxz-1.11 JE K ZE 1]
[- -g "B - ] Wr = [h 1] 1] 1] ]
fzo 1 10 |5 3 [ 0 0 a1

HESNRD

il41=5
[ATRINODENCLRILOACISOLYEINATRINODENSY =K1 =10 IRREFIINAINIEACKIZ TSRl 510 RREF |

There is limitation to this system: The ratio between the constants can’t be the

same for the three of the equations.

Now look at 4x4 system,

X +4x, + Tx; + 10x, = 13
10x, +11x, +12x; +13x, = 14
—2x, — 4%, — 6x; — Bx, = —10
—3x; +1x; + 5% + 9%, = 13
IVYEITEM MATRIN (4xE) FOLUTION ZET

Y 7 10 1z 1 =1 B-3+xz+2xy
11 1z 1z :I_."| ] }{2:4—2}{3—3};:”

-y -5 -8 1 —
1 £ g ﬁ] HEERZ

M =Y

=13
(NAIRVMODENCLEILOAGIZOLYEIHATVINODENZY ST 10 IRREFI

The solution of this systemisx; =—3+m+2n, x,=4—2m—3n,x;=m

and x, = n.
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5x, + Bx, + 11x, + 14x, = 17

7 5 3 1 1
THEy +ZX2 + ZXE +;X4 =i

2 * e
’ —5xy — 3%, — X +x, =3
7 5 2. 1
Exl+x2 +Ex3 +§x4 =
3 I SOLUTION ZET
[W B 11 1y _ =1 B -3+mrz+2y
L5 128 75 25 - we=d=2w3—3xy
[ii.. 1 BE.. BB.. - SFTHE
WY =Y
1a41=5

(NAIRVMODENCLEILOAGIZOLYEIHATVINODENZY ST 10 IRREFI

Again it shows the solution of this system tobe x; = —3 + m + 2n |

% =4—2m—3n,x;=m andx,=n

From the above solution, my conjecture is: for any 4x4 system of linear

equations which have the constants in the order of arithmetic sequences. They

must have a infinite solutionof x;, =—-3-+m+2n, =4-2m—3n,x;=m

andx; =m And x;, +x, +x;+x, =—-3+m+n+4-2Zm—-3n+m+n=1
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Now look at 5x5 system,

X + 3%y +5%; + Txy + 9%, =11
O%; + 10x, + 11xy + 12x, + 13x; = 14
1. —2x; — 4%y — 6xy — 8xy — 10x; = —12
—3x; + 1xy +5%; + 9%y + 13x; = 17
Txy + 0%y +3%; + Ixy — 1x; =3

SYETEM HATRIK (ExE) SOLUTION SET

:F E: c 7 - i B-ddmz+dwy+3
E-z EE'I E% EE - wrED-dwrz—3xy—d4_.
[-x 1 £ g RITRI
[? g ! 1 - my=xy

WL =¥E
a1=1

(WAIRYMODENCLEILOACIZOLYEIHATNIRODENZY ST 70 IRREF

This shows the solution of this system is x; = —4 +m + 2n + 3v

X =53-2m-3n—4v,x3=m =x; =nandx; =V,

b

And % +x% X3ty R =4 +t+2u+3v+S-2t—Su—dv+trttutv=1

9 5 1 3 _ 1
- oy bRy oRy — Xy = ——
Mt X 4 :

4 4 4
7 5 2 1 1
Exl +X:+EX3 +EX4 +EX5 =3

% +6%; + 11x; + 16x, + 21z = 26

SYETEM HATRIH (E=E) SOLUTION SET

[z C B 11 - 1 E-l+ma+Eny
Rt i o
[Eh 1 HE... BR. - AF TR
L B 117 18 7 muy=xy

we =1

ea1=1
(NRIRVMODEVCLEVLOACISOLYEIMATNINODEISY SN =70 TRREF

Again this shows the solution of this system is x; = —4 + m + 2n + 3v

X =3—-I2m—3n—4v,x;=m =X, =nandxs=v.

17
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From the above solution, my conjecture is: for any 5 x5 system of linear

equations which have the constants in the order of arithmetic sequences. They

must have infinite solutions of x;, = —4 + m + 2Zn + 3v

X, =0—2m—3n—4v,x;=m x,=nandx;=w
And

X, +X, X3 +X, X = —4+t+2u+3v+5-2t—3u—4vittutv=1

Now look at the n X n system of equations,

When n[12, there are infinite solutions. The general solution is

X, = —(n—1)+x; +2x, + -+ (n— 2)x,

X, =n—2x; —3x, — - —(n— 1)x,
Xy = Xq
X, =X,
X, = X,

Andxy +x, +x3 +x +--+x, = 1.

There is limitation to this system: The ratio between the constants can’t be the

same for the all of the equations.

Part B

18
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x+2y=4
Consider the 2x2 system of linear equations {

5x—v=1:’

- 5

I find that the constants follow an order of geometric sequences,

For the first equation: x + 2y = 4, the constants (1, 2, 4) starts with 1 and has a

common ratio of 2.

. 1 1 .
For the second equation: 5x —y = , the constants (5, -1, 7) starts with 5 and has a

. 1
common ratio of — .

Rewrite the two equations in the form of y=ax +b:

First equation: 2v =4 —x

Second equation: —v=:—3x

The relationship between constants aand bis a = —

(=l I

By using autograph to draw a line which y = — %x +b. And vary the constant b from

19
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-100 to100. So there are 201 lines on the same set of axes.

4

\

By zooming out the graph, we would be able to see,

L
-100

It shows a U-shape region on the left of the graph which no line intersects.

The general 2x2 system which the constants of each equations is a geometric

sequence is,

20
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a.x+a.ry=ar2
bx+bsy=bs:

a is the common ratio of equation 1 and b is the common ratio of equation 2.

ax +arv=ar’ — (1)
bx +bsy =bs’ —(2)

ar

(D) X ioxtay=as —(3)

(3)- (1) {%—a}x= ars — ar-

@}c::ﬂ(s—rj T

Substituting x = —rs into equation (1): —ars + ary = ar’

ar2+a.rs

e
ar

V=I5

There is a unique solution of this 2x2 system of equations. The general solution is

x=-1s and y=r+s .

To test the validity of the solution,

21



‘ Marked by Teachers

From this system, I observed the common ratio for the first equationis r = 3 and
common ratio for the second equation is = = —%.
The general solution state that == —rs andy =r+s .

Therefore, x = —3 X (—z) =05

y=3+(-3)~2833

i
2
|

/

[ used autograph to find the intersection point of the lines is at (0.5, 2.833).

o 31T
X+ 2y =4
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For this system, the common ratio of the first equation is r = 1 and common ratio of

the second equation is s = 2.

e
T~ 2 ot
. Equaton 2 xe2y=4|
4 B
.
~
| A
N
4 L] 2 .

41 [Eautbon 1 eyt ™,

I used autograph to find the intersection point of the lines is at (-2, 3).

3 {x+0y=0
X+3y=6
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For this system the common ratio of the first equation is r = 0 and common ratio of

the second equation is s = 3.

x=—0x3=0

There is limitation to this system: The common ratio of the two equations can’t

be 0.

{x+3y=9
Jx+ 9y =27

24



For this system, the common ratio of the first equation is r = 3 and common ratio of

the second equation is s = 3.

x=-3X3=-9

y=3+3=6

Equation 1: x:3y=9

Equation 2 3xGy=27

I used autograph, I observed that there are infinite solutions when two lines

overlapped.

There is another limitation to this system: The common ratio of the two

equations can’t be the same.

Conclusion

25



Part A

For any 2x2 system of linear equations which have the constants in the order of
arithmetic sequences. They must have a unique solution of x = -1, y = 2. However
the limitation to this system is the ratio between the constants can’t be the same

for both of the equations.

For any nxn system (n>2) of linear equations which have the constants in the
order of arithmetic sequences. They must have infinite solutions. However the
limitation to this system is the ratio between the constants can’t be the same for
the three of the equations. However the limitation to this system is the ratio

between the constants can’t be the same for the all of the equations.

Part B

The 2x2 system of linear equations which have the constants in the order of
geometric sequences. They must have a unique value. However, the limitations
would be: The common ratio of the two equations can’t be the same or equal to

0.
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