Area A formed in the function v=x2 from v=0 to v=1 and the v-axis can be
found by integrating the function with respect to v.

Area A:

y=x2

X=/y

x=y=

N v dy

:[}E < _]1

=[_;]1

=z x 15) - G x 0%)

units?

3

Area B formed in the function v=x2 from x=0 to x=1 and the x-axis can be
found by integrating the function with respect to x.

Area B:
v=x2
[y x> dx
=[x* + 3],
=z

1% o
G- 3)
—% units?

Therefore, the ratio of the areas A and B for the function v=x2is:
A:B=

1
T3

=2:1



Now try the same with the function v=x"when neZ* and between x=0 and
x=1.

Area A formed in the function from y=0 and v=1n and the v-axis can be
found by intfegrating the function in respect forv.

Area A:

y=xn

X=}7E

[; v=dy

Clyatl L 1fmy
=~ s

—_r 3,—1 1
=lZve g

=2 X 15 - (2 x 057

ntl ntl

_n

units?

n+l

Area B formed in the function from x=0 and x=1 and the x-axis can be
found by integrating the function in respect of x.
Area B:

.11 +1 El +1
_(n—‘l - n+1
1 .
=——-units2
n+l

Therefore, the ratio of the areas A and B for the function v=xnis:
AB=—22

n+ 1

1 n+
n:1l

Conjecture for the ratio of the areas A and B for the
function y=x"is A:B=n:1.
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Now, try and test the conjecture for other subsets of the real numbers.

When n=3,
Area A: Area B:
y:x3 y:x3
S [ %3 dx
X:};rz o c
= " 1
[y ¥edy ==+ @3+ 1)),
i - {4 1
=yt + -5
3 3 1 o
=[zvel; =z- 7
- =% units?

=€ x 1) - ¢ x 0%)

== units?

Therefore, the ratio of the areas A and B in the function y=x3 is:
A:B=2:2

=3:1

In v=x3, the value of nis 3, and therefore the conjecture n : 1 works when

n=3.
When n=10,
Area A: :E units?2
y:x]O
x=y Area B:
f; :.:"i d\/ \/:x]O
i £ o
. T =[x1% + (10 + D]
=[2 yz]? ¢
117 1o _[1] 6
: ETRE:

S LI
_(11. X 1) (11 X O1e}
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1 .
= 2
= units

Therefore, the ratio of the areas A and B in the function y=x10is:

In y=x10, the value of nis 10, and therefore the conjecture n : 1 works when

n=10.
When n=47,
Area A: Area B:
y=X47 y:x47
X:}F% ; .‘C;"_ dx
£ p— 1

f;}“- dv =[x¥t + (47 + D]
Sl 1347 _[x*®]1
=[ys _'T]; _Ls]c

27 £ _ 145‘ _ I:_-I-E‘
=[$3’”_]; _(;.s ;.s)

a7 = a7 =
=(Z x 1) — (£ x 0¥)
=37 nite2

= units

Therefore, the ratio of the areas A and B in the function v=x4 is:

In y=x47, the value of nis 47, and therefore the conjecture n : 1 works when

n=47.
When n=113,
- 114 e 14
Area A: =(E2 X 1) — (B2 x Qu)
V:X”3 112 112
’ _113 D
A =37 units

X=y11z B

1 2
j':- yus dy Area B
Syt L 1H8y v=x113

[:'F 113 ]c J‘rl REER
:[Evi]i o ¥ X

114~ 0
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gt

=[x+ (113 + 1)) ==-5)
a 0 114 114
_[x*]1 =1 nite2
_[11+] 0 112 unifs

Therefore, the ratio of the areas A and B in the function y=x113 is:
AB= 113 | 1

114 ° 114

=113:1

In y=x113, the value of nis 113, and therefore the conjecture n : 1 works
when n=113.

s 1t can be assumed that the conjecture n : 1 works in anv positive

real numbers.

2.

To determine whether the conjecture only holds for areas between x=0
and x=1, now try the same thing but changing the values of x.
When xis from 0 to 2,

Area A Area B
\/:Xrl y=xn
X:}rﬁ |:._ xn dx
an L —r nt 2
fc__ ya d\/ —[_\wj g (I‘l T :|.):|C
B tiq T B __{u+'_]:
=[y="" + = ]c _[n—‘l 0
n u+'_]ﬂ= (:u+_ gh+e
:[ — v on |7 = 1 o+
n+l o ntl nt+l
N+ o+ gu+i 4o
=( :11 KEnT)_( 31 % 0= :l :ﬁ_ units
nwT nwT =

=28+1_Z_ ynits2
n+1

Therefore, the ratio of the areas A and B when x is between 0 and 2 is:
A:B=o2ot® T

n+1 n+1

.......... Conjecture works

When x is from 1 to 2,

Area A: 2" 2
_Jr_lu VB dV

\/zxn

1+n,a

i

: oL
X=yn " m
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n+i 2

:[qi‘l"v n ]i: _Jr_l x™ dx
ore o+ —[en¥l o i
:(n: X 2% n )_ (ni‘l X 1% n :' _[_\ﬁ (n l)]‘l
—pnt1 B _ B :["‘uﬂ] .
- n+l n+1l n+l]1
n . all+L n+i
=— (277! — 1) units? = _—_ 1
n+i ( :I (n—‘l n+l
:ll+"_ 1
Area B: i "’1'1
== (gnil _ ite2
=X - (2 1) units
Therefore, the ratio of the areas A and B when x is between 0 and 2 is:
A:B= ﬁfi (2°%1 — 1) :;Ti(?‘i - 1)
=n:l ... Conjecture works

When x is from -10 to 2,

Area A:
y=xn Area B
X=:,rﬁ y=x"
o 2 P Se
fr__u:.-.ufr”‘ dy -1e
i1 14n, 2 =[x* = (n+1)]
:[}ru = ]l:—ic_'-“ e 2
_[n == oam _[n—i]—it
_[n—‘l yn (—10y" gh+2 (_1pyBre
_(n—‘l - n+1l
_1_ n+l _ ¢ n+1l
N+ n+s e [2 [ lG) )

X 2% )— (— X (—10)" =
)= G X« ) =1 (2771 + 10771y units?

n+l

=2nt1 & _(—10)*"1 2

n+l n+l

7 (27 4 1077%) units?

n+

Therefore, the ratio of the areas A and B when x is between O and 2 is:
AB=o (2714107 (274 1077

=n:l .. Conjecture works

When x is from -15 to -2,

Area A: Xzyﬁ
y:xn
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y+1 n+i

= n =

P ST e Y PEEET 2%
K{=2)" =) "y X (—15) J

—f_ayn+l B e n+l_ B
_[ 2) nt+l ( 15) ntl

mn

(2271 — 15271 units?

n+l

Area B:

y=xn
__1_: \V:I dx
—r.n+l . -2
=[xt = (n+1
™!+ (n+ D]
{l'l+"_ —n
_[ﬁ—‘l]—‘lE
(—gyi+e foqgt
- n+l - n+1

= (=2 = (-15)™)

=— 2 (27*1 — 152%1) ypits2

n+l

Therefore, the ratio of the areas A and B when x is between 0 and 2 is:

1

n+l

AiB=— (277 —15ny -

n+1

=n:l .. Conjecture works

When x is from 10 to 21,
Area A:

y:xn

X:}Fﬁ

.Jr-lz[;"- :’:rﬁ dV

=[ya’t £ IR0

n 107

n n+i 297
[y )

n+i n+1i

=[5 X 21778 ) = (7 X 10°7w)

nt+1l

- 1.;:)1‘1_1 U

n+l n+l

(21771 — 10771 units?

=z1°%1

n
ntl

[2 n+l _ 15:’1—1:'

Areq B:
\/:Xn
Jrfixn dX

10
=™ + (4 )]
._{|.1.+"_ 21
_[ n+1 ] 10
.-|1l1+"_ 1I:_l'l+'_

=(:

nt+l ntl

21
10

=— (217" - 10°*) ynits?

Therefore, the ratio of the areas A and B when x is between 0 and 2 is:
A B=— (217"t - 10™}) :Ti (21771 — 10771

n+l

=n:l ... Conjecture works

When x is from 91 to 214,
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Area A:
y=xn Area B:
X=__Vﬁ y:xn
214
214" % fgi %™ dx
fE‘l“ ye= dy s
- = _n_‘l e L Z1%
S[yat = EEpae [="7 = (n+ 1],
d Coaew _|::{lI+L:|21+
=[- = 121 Tla+1] et
n+l y 31" o 2qatHe gqtt+2
=( ( n+1 n+1
= L= —EN n+l __ n+1 )
X 21478 ) (- X917 = ) =— (214 9177 1) units
nT n+
=214771 2 — g7t L
n+l n+1

— (214771 —6177%) unifs?

Therefore, the ratio of the areas A and B when x is between 0 and 2 is:
A B = (21477 —9177Y) 1 —— (214771 — 9177

n+l

=n:l .. Conjecture works

- It can be said that the conjecture works for areas between any real numbers.

3. When y=xn, x is between a and b and v is between an and b,

Area A: Area B:
\/=Xn y:xn
& b
X:__V“ _Jra }Cn dX
R LA+
2 e dy o,
i—i n+1.-b™ it R .
=|\yn =+ — = — 2
[1 . ]Hn (o5 —S25) units
or: Ko
=Y " La
n Lt n Lty
=) - (@) ®)
b-l.'l+‘_ Ell1.+"_ -
_n—‘l a n+l n
bl‘l+"_ n+i .
=N(— — —) units?
nt+l nt+l

Therefore, the ratio of the areas A and B is,

hl‘l+"_ S.l'l+'_ hl‘l+"_ E.l'l+"_
A B=n( : —

ntl n+1’ " 'n+i ntl

=n:l ... Conjecture works
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~The conjecture n: 1 is true for the general case v=x" from x=a

to x=b where a<b and the area A is defined as v=xn y=an, v=pn
and the v-axis and the area B is defined as v=x", x=a, x=b and
the x-axis.

4. (a) We need to find the volume B in order to find out the volume A so we
start off with volume B.
Volume B:
\/:Xﬂ
b,
.’rfa x=" dx
_{II.1+'_ b

=[]

Int+l-a
pIn+L gIn+1

:T[En—‘l Zn—‘lj
a0+ n

=m(— +:) units3

a
nt+1l

And then volume A.

Volume A:
b xb"XmxXxb—a"xa"xmnxa—volumeB

- 1 - 1 h:l'l+"__a:l'l+"_
=nb="" — ma*tTt - (——————
2n+1l



‘ Marked by Teachers

¢ Vo ZOEL ¢ Vo BIHL_ e ZA4L__ZO4Ln
_lZn+1)wb —i(2n+1l)ma —mib -a 1]

2n+1

_nlzl::n_.l.-lh:l'l+"__l::n_1.-Ia:l'l.+"__|h:l'l.+"__a5l'l.+"_.|-l
2nt1

_T[I::ﬂb:ll+:—b:ll+:—:ﬂS.:ll+:—a:ll+:—l':l:ll+:—a:ll+:_.'
Zntl

_nl::nb:ll+"__:nail'l+"_.-l

2n+1
- Fla2+4_ :l'l.+"_-I .
=Zan(b = Units3

Znt+1

Therefore, the ratio of the volumes A and B is:
l_:lil'l+"__ail'l+"_.I h:l‘l+"__ail'l+"_

A:B=2m Lin( )

2Znt1l Zn+1
=2n:1

5 General formula for the ratios of the volumesisZ2n: 1

(b)Volume A:
\/:Xn
x=ys
bl.'l i
T_Jrau Yo dV

z+n

N — |, Z#n.W

=m[y o = " ]E_
_T[:_n}r n ]5

. f 24n _ B _24n
L [Z—n b Z24n @ :J

"_”ﬁ (b7 — 2?77 units3

a

Volume B:
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bxbxmxb®—axaxnxa®—volume A

='.Tb:_n —.’[El:_n _ va] [bﬂ—n _ Hﬂ—n)

a

zT4+mp ) o THIL_ T4
(Z4n)-nn(b -a“ ")

T+ny )
_mh (Z4+n)—ma

-

Tn

o 4T T SRR 5. R 25
_mihb (Z+n)i—a (24+n)-n(b —a ]

-

&Th

o ZHIL z+n z+m z+n z+n T4+I,
_miZb +nb —-2a" " —na"" —-nb +na )]

2+n
m(ZhT R 257+
h 2+n
L ZHT_ TN
_In(b = ] .
=——— units3

Therefore, the ratio of the volumes A and B is:
ﬂT[':l-:u:+u—a:+u_'-

AiB =T (p2n ) ;]

T4

24n

=n:2
A General formula for the ratios of the volumesisn : 2




