‘ Marked by Teachers

In this investigation we will be estimating the area g#x) between X=0, X=¥ this area is
approximate by the sum of the two ’rrc:}peziums’. Let one go 0—0.5 and the other
0.5-% The area of a trapezium is 77 (#2PBwil be used to identify the total area
throughout all the questions.

g(x)=x"+3
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AT +AT= (/2 (3+3.25)x0.5) + (1 (3.25+4) x0.5)

=1.56 +1.81

=3.37



ll,-“'5 = (.2 here each trapezium will be 0.2 of each area, given that g (0) =3, g (0.2) =
3.04.... These values can be seen on the graph below. This area is approximate by the

sum of the 5 trapeziums.
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AL +ATH Az A As = (/2 (3+3.04) x 0.2) + (1/2 (3.04+3.16) xO.2) + (1/2

(3.16+3.36) x0.2) + (1/2 (3.36+3.64) xO.2) + (1/2 (3.36+4) xO.2)

=0.60 +0.62+0.65+0.70 +0.76
=3.34



With the help of GDC, we investigate what happens as the number of
frapeziums increase:
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A+ A+ A3+ As+ As+ Ag+ A7+ Ag= (1/2 (3+30]5) XO]QS) + (1/2
(3.015+3.062) x0.125) + (‘/2 (3.062+3.14) x0.125) + (1/2 (3.14+3.25) x0.125) +
(1/2 (3.25+3.390) xo.125) + (1/2 (3.390+3.562) xO.125) + (1/2

(3.56+3.765) x 0.125) " (1/2 (3.765+3.4) x 0.125) =
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=0.375+0.379 + 0.3892 + 0.399 + 0.415 + 0.434 + 0.457 + 0.485
= 3.333
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AU+ AL+ Azt At As+t At A7+ Agtho + Ao= (Vz (3+3.01) x 0.1 ) + (‘/2
(3.01+3.04) XO.]) + (‘/2 (3.04+3.09) x O.]) + (‘/2 (3.09+3.16) x O.]) + (‘/2

(3.16+3.25) xo.1) + (/2 (3.25+3.36) xO.]) + (/2 (3.36+3.49) x
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O.l) + (‘/2 (3.49+3.64) XO.]) + (‘/2 (3.64+3.81) x 0.1) + (‘/z

(3.81+4) x 0.1 ) =
= 0.3005 + 0.3025 + 0.3065 + 0.3125 + 0.3205 + 0.3305 + 0.3425 + 0.3565 + 0.3725

+0.3905
=3.335
(4 significant figures were used to demonstrate the difference between n= 8,
n=10)
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A+ AT+ Az+ Ay+ As+ A+ A7+ Ag+Ag+ Ao+t A+ A+ Ais+ A+ Ais + Age
+ A7+ Ais+ A+ An=

(1/2 (3+3.ooz)xo.o5) (1/2 (3.002+3. O])xOOS) (1/2 3.0143. oz)xoos)
(1/2 (3.02+3. 04)x005) (1/2 3.04+3, Oé)xOOS) (v (3.06+3.09)x0.1) +
(1/2 (309+312)x005) (1/2 312+316)XOO5) (1/2 (3.16+3. 20)x005)
(1/2 (3.20+3.25) xo.05) + (‘/2 (3.25+3.30) xo.05) + (‘/2 (3.30+3.36) x0.0S) +
(1/2 (336+342)x005) (1/2 342+349)x005) (1/2 3.49+3. 56)x005)
(1/2 (3.56+3.64) xo.1) + (1/2 (3.64+3.72) xo.os) + (/ (3.72+3.81) xo.os) +

(1/2 (3.81+3.90) x O. 05) (1/2 (3.90+4) x 0. 05)
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=0.1500 + 0.1503 + 0.1508 + 0.1515 + 0.1525 + 0.1538 + 0.1553 + 0.1570 + 0.1590 +

0.1613 +0.1638
+0.1665 +0.1695 +0.1728 +0.1763 + 0.1800 + 0.1840 + 0.1883 + 0.1928 + 0.1975
=3.3337

As the number of trapeziums increases the area beneath the curve grfx) = x?
+ 3 appears to be approaching the value 30 and the approximated area
gets closer to this value as n increases.

This can be justified by the fact that the more frapeziums you use the more
accurate the upper edge of the trapeziums are to actually representing the
curve.

The diagram below was used to find the general expression for the area
under the curve g from x=0 to x=1 using n trapeziums.
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f) |

g(x)=x"+3

0@ Q! g2 I® gn «
From the above diagram the following values are obtained:

Following the general technique used above:

Total Area~ A1+ Aot As+As+As+ oo, +An
1o (go+ a1) Y + 15 (91 + 92) Y + 15002+ 98) Hecn + 1/

(Gr1 + Gn) /-
=1/ ((g1 +g2) + (92+ 3) + (T3 Ta) F oo e, + (gn +
gn))-

= 1,-“'2_% (go T OnF 201+ 2024 203 F i e +29n-1 +gn) .
Total Area =f f(x) dx



j: fdx= 13;2]1 (go FOn T 2(T1F T2 T3t i, +gn-1) ) .
Equation [1]

LetCc~ (12t T3+ i, +Q0n-1).
C is the sum from n=1 using sigma summation notation.
C=ZXiign

PG dx Yy g0+ gov 222t on).

From the general case for g(x), we will be calculating the area under the
curve for f (x) from x=b to x=a using n frapeziums.

From the diagram above:
D=b-a
D=nh

h - b—a




Using the following notation:

f(a) = fo
fla+h) =",

f(a+2h) = f,

fla+(n-1)h) =fn -1

f(b) = fn

This follows a similar derivation as for g(x) from 1 to 0.

fla) fla+h) f(a+2h)

fla+(n fnh'; fi{
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The following formula comes from equation [1] above, this can be used
because the derivation for g(x) and f(x) is similar, the only difference being
instead of saving b-a=1 we just use b-a in the expression.

.'.j:f (x) dx ~ =2 (fo i+ 2f 1+ 2f 0 F +2f na )

n

~ (fo+fn+2(f1+f2+ .......................................... +fn—])).

Now using similar sigma summation notation as we did for g(x).

. j: _.F(:‘-:l dX ~ l"-;:!l: (fo + fn + 22:;} fﬂ.) .

Using the general expression derived above, find the area under the curve
when n=8, b=3, a=1

h - b—a
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Subbing these values into the general formula.

'.'.Jrf Fx)dx =~ l-“"IS (fo + fg + 22;;1 fn,) .

forvi = f -] "2,

Using the same notation as in the derivation:
(therefore) f(a) = fo

fla+h) ="

f(a+2h) = f2

fla+3h) =f3

f(a+4h) = f4

fla+5h) =fs

fla+6h) = f
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~ l;“'s (2.846 + 4.5+ 2(3.399 +3.837 + 4.156 + 4.365 + 4.484 + 4.534 + 4.534)) .

= 8.245

Finally Yz = 4x3 — 23x2 + 40x -18
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< J7(4x% = 2327 + 402 — 18) dx

~l@(3+3+2685+375+3+2+L05+QB+3H.

= 5.125

Using a GDC the actual areas were calculated.
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743 = 232 + 402 — 18) dx = 4.67

Working out the percentage difference between actual values - the values from the
trapezium method. The percentage was calculated like this:

A Actual — A T gpeziums

x100= .. %

A actual

1.58-1.97
) 1.58

x 100 = 0.50%

b) 222 %100 = 0.50%

8.25

2.67-5

c) 12 %100 = 9.74%

There isn't much change in the percentage difference for function a and b,
because the shape of the curve follows a constant pattern. However
function ¢ has a much bigger percentage difference because the function
changes rapidly.



The limitations of the derived general statement of the trapezium rule from
x=b to x=a are explored below using the sin (x) function. This function was
chosen cas itis a periodic function, it has x values that correspond to a
negative v value, and changes rapidly with x. The following three graphs
explore the limitations the trapezium rule has when dealing with a function
like sin (x).

sin (x)

Using the frapezium rule for sin(x) for b = 2m and a=0, and n=4. This gives a
total area of zero. As there is the same amount shaded above the x-axis as
there is below. This is equal to the actual answer of zero. However this
accuracy occurs only by chance. Because the same error between the
shaded area and the actual area is the same above and below the x-axis.
These errors cancel each other out and we get the correct answer.] However
this is not always the case, as seen in the following curves.
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SIn (x)

The shaded area above, is the use of the frapezium rule for sin (x) from b=3m
to a=0 using n=2. Clearly the shaded area does not equal the actual area.
For instance the shaded is negative, but the actual area is positive. This
occurred because the middle point of the graph is negative .

sin (x)

The above shaded area is for sin (x) for b=m to a=0 and n=2. Here the
frapeziums represent the curve more accurately compared to the other two
graphs. However the frapeziums will not give you an accurate area of the
curve because as vou can see above there is an area above the trapeziums
that is not being calculated.
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GENERAL STATEMENT:
- The general statement accurately represents the area under the
curve from b to q, if
o The curve doesn’t change rapidly with x, for example the
following two curves demonstrate this for n=2.
o The larger the area vou are examining the larger the value of
n has fo be in general
o [basically b-a/2n has to be a small value, in the examples
above the value of 1/8 gave an error of about .5%, therefore
it would be expected that if b-a/2n was of about this
magnitude the tfrapezium rule would give an accurate fit of
the area under the curve from b to a.
- Significant figures, because there is a difference in values, there
wasn't a set number of significant figures.
- The general statement doesn't work, if b-a/2n is large
o For functions that change periodically, i.e. sin (x), and if you
take trapeziums that are larger than one period of the
function.
o If the function is negative in some areas, and these area are
ignored by the edges of the trapeziums.

Overdll the frapezium does provide a good fit to the area under the curve
from b-a if the above conditions are met.



