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Internal Assessment 1
(05/11/09)

Approximations of areas

The following graph is a curve, the area of this curve is an approximation of two
trapeziums from x=1 to x=0.

Graph 1

4.5

0 0.5 1

The Y-values (N) are found through the function F(x) = X* + 3where (x) is (M)

F(x) =% +3 F(x) =% +3 F(x) =X +3
F(O)=0"+3 F(.5) =.52+3 F(1)=1"+3
F(O) =3 F(.5) =3.25 F(1)= 4
Table 1

M N

0 3

0.5 3.25

1 4

| used Microsoft Excel and my Ti-84 calculator to retrieve this data. |
graphed my M-values against my N-values in the graph as shown and | drew a line to
represent the two trapezoids that are present in my graph. To find the area | will
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calculate The area of each trapezoid and then add them to refrieve the area of the
graph.

M is obtained depending on the number of trapeziums in a graph. | will show a function
to obtain this method during my general statement where vou will be able to observe
this data.

. . ¥F14¥2
The area of a frapezium is as shown. 4 =

(x) where Y1 and Y2 are the parallel sides

and ‘X’ ‘in this case' is the base of width. For the first set of tfrapeziums | will not round
unless the Ti-84 does it, so that | can keep my answer a little more precise. As we get to
the larger trapeziums however | will need to round to three decimal places.

Area of a trapezoid (1) Area of Trapezoid
(2)

Al = 22y A2)="22 ()

A(1) =25 05) A2)=22 105

A1) =1.5625 A(2)=1.8125

Now | must add the area of Trapezium 1 and Trapezium 2 to get the approximated
area of the graph.

A=A(1)+A(2)
A=3.375
The approximated area of the graph using two trapeziums is 3.375 units 2

Graph 2
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4.5

Here | repeat the process of Graph 1 to obtain the following data, F(x) = X2 + 3. Here the
number of frapeziums are 5 so the M values change, | will show an equation to monitor
this data soon.

Table 2
M N
0 3
0.2 3.04
0.4 3.16
0.6 3.36
0.8 3.64
1 4

Again | repeat the process of Graph 1 but instead of adding 2 trapezoids, | add 5.
Remember the width or base is the same for all the tfrapezoids.

Area of a frapezoid (1)

(3)

T1+¥2

2

All) =

3+3.04

2

A(D) =

A(1) =.604

(x)

(0.2)

Area of Trapezoid (2)

A(2)=.620

Area of Trapezoid

Y1412

(x) A3) = 22
=22 (0) A(3) = 3'16:”6(0.2)
A(3) = 652
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Area of trapezoid (4) Area of trapezoid (5)
Ald) = “:‘Hr: (x) A5 = “:‘Hr: (x

.J-';l—l-l _ S.S&;FS.&L. IICIEI A(5) = a.&j+;.l:ol_2:l

A4l = 700 A5 = F&a4

Again we add all Trapezoids to retfrieve the approximated area of the graph.
A= A)+A(2)+A(3)+A(4)+A(5)

A = .604+.62+.652+.7+.764

A=3.34

The approximated area of the graph using 5 tfrapeziums is 3.34 units?

Now using technology | will create two more graphs with an increasing number of
frapezoids to find a pattern between the approximations of the areas so far.

The first will be an approximation using 8 trapezoids.

Graph 3
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0 0.125 0.25

0.5 0.625 0.75 0.875

1

Table 3

M N
0 3
0.125 | 3.015625
0.25 3.0625
0.375 | 3.140625
0.5 3.25
0.625 | 3.390625
0.75 3.5625
0.875 | 3.765625
1 4

Again as shown in Graph 1 and Graph 2, N is obtained through a process of F(x) = X2 +
3, but now there are eight frapezoids. For these N-values, it is unfortunately not exact as
the previous values, they are rounded and therefore the answer is an even more

approximated area.

Trapezium (1)

1472
{x)

=

All) =

A(l} P 3+3.03.5625 (125}

A1) ® 376

Trapezium (4)

Fl4¥2
(x)

=

Ald) =

Trapezium (2)

A(2) = ¥14¥2 (x)

=

A(E} P 3.01562i+3.0625 (125)

A(2)~ 380

Trapezium (5)

A(S) = ¥14¥2 ()

=

Trapezium (3)

T1+¥2

A3 = 2y
A(E) P 3.0625+f.14|]625 (125)

A (3) & 388

Trapezium (6)

142
{x)

=

Al6) ®
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3.140625+4+3.25 [:
2

Al ~ .125)

All)~ 399
Trapezium (7)

A~ ¥14¥32 x)

el

A(?) P 3.5625+j.?65625(

.125)

A(7)~ 458
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A(S) &

3.25+3.39I]625[
a

1250 Ale) &

3.390625+3.5625 [:
el

.125)

A(5) & 415 AlB) & 435

Trapezium (8)

A~ F14¥32 )

el

3.765625 +4 (

A(B) ® - 125

A(8) ¥ 485

AFA)+ A(2) + AB) + A(4) + A(5) + A(6) + A7) + A(8)

A ® 376 +.380 +.388 +.399 + .415 + 435 + .458 + .485

A ¥ 3.336

The approximated area of the graph under the curve is approximately 3.336 units?2

So far the approximations we have are 3.375 for 2 trapezoids, 3.34 for 5 frapezoids and

3.336 for 8 trapezoids.

Graph 4

4.5

06 07 08 09 1

Table 4
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0.1 3.01
0.2 3.04
0.3 3.09
04 3.16
0.5 3.25
0.6 3.36
0.7 3.49
0.8 3.64
0.9 3.81

Trapezoid (1) Trapezoid (2) Trapezoid (3) Trapezoid (4)

con | FL4FD . oo FL4FD o FLAFD cw LD
Al ==—"=(x) 42)=—"(x) AB)=—=—"(x) A4=—"(x)

cov  343OL, . oo EDL43DE o EDA43DY c e BDO4BAE
All)= ——(.1) A2)= /(1) A(3)= —/—(1) Al4)=—"—"""21)
All) = 301 A(2)# 303 A(3)® 308 Al4)® 313

Trapezoid (5) Trapezoid (6) Trapezoid (7)

L. TL4VD, oo F14¥2, e FL4¥I,
A(51 =1 ﬂ' (%) 4061 = 2 ﬂ’ (%) A(71= 2 ﬂ’ (%)

PR 3.164+3.25 . - ey 3.254+3.3 - 3364349 . .
Al5)= ==(1) Alg) = =———=(.1) Al7)= —/—=(.1)

A(5) % 320 Ala) & .331 A(T) & 342

Trapezoid (8) Trapezoid (9) Trapezoid (10)

oy ¥i4v¥2 o - PN Yi+¥2 . P \ Yi+¥2 .
Aig) = : ,.J (x) Aig) = : ,.J (x) Al10) = : ,.J (x)
oy 3494364 5 PO, 3e44381 0 E 5 3.81+4 5
Aig) = z - 1) Alg) = z - (1] Al10) = z 1)

] ] a

A(8) ~ 357 A(9) ~ 372 A(10) & 390
AR 301+.303 +.306+.313 +.321 +.330+ .342 + 357 +.372+.390

A & 3.335
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The approximation under the curve using 10 frapezoids is approximately 3.335 units2

So far the approximations we have are 3.375 for 2 trapezoids, 3.34 for 5 tfrapezoids, 3.336
for 8 trapezoids and 3.335 for 10 trapeziums.

Table 6
T A
2| 3375
5 3.34
8] 3.336
10| 3.335

We notice that although theyv don't differ by much, they do decrease as the number of
frapeziums increase. And this makes sense. Let's go back to the first graph. Now as vou
can see we are actudlly frving to find the area of the graph under the curve(the black
line). But using frapeziums, we end up calculating a little over it as well, though the
approximation is close, it cannot be exact.

Graph 5

4.5

4 -
35 - /
. I

2.5
5
15
1 4
0.5 1
0

0 0.5 1

Now if we take four frapeziums instead of 2,less of the outer area is calculated because
the lines drawn from one f(x) value to another is not as high, and is therefore more
minimal.
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45

01 02 03 04 05 06 07 08 09 1

The trapezoids here are much more fit for the curve and will therefore give you a much
better estimation. Using this theory we can conclude that as the base width gets
smaller, or the number of trapeziums gets higher, we will receive a better estimation,
and to get an exact answer we must have w width of basically 0.

To find a general expression for the following graphs we did we simply follow the
processes.

1) We found the M-value, the width of the base. Also known as (x) in our trapezoid

equation.
To find this we need our x-limits. In these problems, it goes from 0 = x = 1. We

minus them to get the difference or just the part of the graph we will be using.
We will let ‘a’ represent the starting point and ‘b’ represent the end point,

a=x=b
ex.
0 2 3 5
If we subfract 2 from 3 we will get the only the distance of what we want.
b-a.

This part will unfortunately give us the base of the whole thing, or one
trapezoid. If we want the exact base of a certain number of trapezoids, we must
divide (b-a) by ‘'n’ number of frapezoids.

"~ This will be our width for each equation.

n

This document was downloaded from www.markedbyteachers.com
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rl+¥v2

2) The area of a frapezoidis A = {x]1. We know what (x) represents now.

Y1 and Y2 are the sides of the frapezoid. | will show vou how we can calculate
the sides with variables, using five lines.
c’ ot a2 a+3() oA a+5(—or b

0 1
Now in this case b; is the following:

1—0

5

] =

The width is always constant, but the location of the line changes, therefore we must
change the coefficient. We must put in function notation because we need the height
and not the x-value.

F(a+0(2)) Flot1(3) Fla+2())  Flo+3()  Fla+4(z)  Fla+5(7) orb)

Now we see that the coefficient increases at a constant rate, adding one each time,
and a and b, the starting and ending points, are the same. Also The width value
remains the same and is repeated constantly in every function value. Using these

functions we find the area of each trapezoid.
=N E29) will give is the value of one trapezoid. But since this equation

So for example fi

=

will give us only one frapezoid approximation, we must use the coefficients. In this
equation vou have basically put all the trapezoids info one expression.

Ly Ly F Ly f1y Ly Ly F L1y 1,
a+ a+ll‘E_j+a+l{;_j+a+2{;_j+a +2{E_j+a+'31‘;_j+a+31‘;_j+a+ ‘1“{E.J+a+‘j“'~E"+h

(=)

2 i

fi

In the following equation given, we have fractions on fractions. But not all of them have
fractions so we must separate them to make it easier.

You will notice that the coefficients are repeating and this makes sense because when
we calculated the trapezoids, you will notice previously that we used every notation
except the first and last twice to calculate the trapezoid.

For example if vou reference Graph 1, you will find that f(0.5) or 3.25 was used twice, to
calculate the first and well and the second trapezoid.
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Since a and b, only the beginning and end ones, are the ones that are only being
divided by we will sum it up into the following.

a+b 3

o

F(

The rest of them have a few things in common. The first is that they are all added to the
common variable a, and multiplied by the coefficient.

In this equation (%) represents (?), since only the fraction is again divided by 2 we can

write it as (=),

We can make it common by changing the coefficient to the variable ‘k’. This also gives
the advantage of not give the number of trapezoids, making it more diverse in its uses.

Flark(—).
Since 'k’ is always changing we must add a summation notation which also allows us to
b—a
determine the approximation according to our ‘n’. Since (—) at the end of the
n

equation is multiplied by the entire function and is not repeatedly multiplied we can
factor it out of the summation notation as already shown.

Al 2 iG]

k=1

Remember, the end has to (n-1) because & + 1 2— would equal , and b is already
n

added at the beginning of the statement. Since everything in the brackets are divided
by 2 we can factor that out as well.

n—1

SR )]

This is the general statement that we can use for all functions.

b—a
Rzlf(2(3+k .

| will test the validity of this equation by performing the 5 tfrapezoid function.
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e ¢ y ol o [ 1 2 3 277
G+ o+(2{a+i+ a+i+aira+r i)
205 \ . = 5 5 B

*recall table 2 which has the N-values already calculated according to the given
function.

1
i [7 +f(2{3.04+ 3.16 +3.36 + 3.64})]

1
i [7 +f(2{3.04 4+ 3.16 +3.36 + 3.64})]

1
10 [33.4]

3.34

Recall that the area found with 5 frapezoids was also 3.34, therefore the general
statement works.

Equation vs. Ti-83

The area of Y, for 8 tfrapezoids

*For the following areas and most of the points, they will be rounded, thev are not exact
but | will leave them as shown in the calculator to keep it as exact as possible.

lva

Yi=()z1sx <=3

1) Find the x-values
against the yv-values. This is found again bv using the function already given.
Recall the first part of the Assessment to find the example shown.

b—a
(—)->m
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(i;) - Therefore each base is .25

Table Y1

M N

1 ]0.629961

1.25 | 0.731004
1.5 10.825482
1.75 1 0.914826

2 1

2.25 | 1.081687
2.5 | 1.160397
2.75 | 1.236522
311.310371

2) Sub info general
statement.

)ﬂf(a +b) + ZH f(2(a + kb:))ﬂ

k=1

A — (b—n:
2n
A=
(=)

208}

[fu11—3) —f[[z[l— 1G)+ za+2d))+ 2{1+33)+ 2(1+4d)+

(2(1+ 5.;%;.:] +(2(1+ 6(%:.:] +(2(1+ ?(%;.:].J]]

Sub in the sigma notation values
A
()
[(0.629961 + 1.310371)+ f](2(1.25)+ (2(1.5))+ (2(1.75)+ (2(2)+ (2(2.25)+
(2025) + (20275011
- Find the functions
A
1
()

[[1.940332)+ (2(0.731004 + 0.825482 + 0.914826+ 1 + 1.081687 + 1.160397 +
1.236522))]
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- Solve inside bracket
A
1
()

[ 1.940332)+ (2(0.731004 + 0.825482 + 0.914826+ 1 + 1.081687 + 1.160397 +
1.236522)7]

A 3(15.3413168)
A~ 1.980021

Now as said before, this is an approximation. To find the actual Area we must use
intfegration and calculus with our T1-84. | will show this task in more detail in the
appendix at the end.

If we sub the equation into the calculator and solve it we get a precise answer.
sub it in form f; (3)%d(x)
A 7 1.986909

Now as vyou can see the approximations are extremely close to each other, but
obviously not exact. Again, you can only get an exact answer if the width of
your frapezoids are 0, but this equation will get vou very close, and vou can
make it as close as you want by changing the ‘n’ on your equation.

| will perform two more examples of the type, and compare them with the
actual value shown by my Ti-84.

The area of Y2 using 8 trapezoids

9x
Y2 - N I=x=3
Table Y2
M N

1] 2.84605
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1.25 | 3.399253
1.5 13.837613
1.75 | 4.156356
2 | 4.365641
2.25 | 4.484456
2.5 14.534134
2.75 | 4.534087

3 4.5
b—a -l b-a
(=) |[f(a +b) + ZH f(2(a+k= ))]]
A=
)

[+ +l(2(1+13) + @ui+283)+ 2(1+33)+ 2(1+4)+

(2 (.l + 5|§|:| + (2 [.l + (‘!I%IJ + (2 [.l 1 ?l%lj]]‘

A R

()

[(2.84605 + 4.5) + fl(2(1.25) + (2(15)) + (2(1.75)+ (2(2) + (2(2.25)+ (2(25) +
(20275511

A R

1

()

[[[T-".346ﬂ5:| <+ (2(3.399253 - 3.837A13 + 4156356 + 4365641 + 4484456 + 4534134 +
45))]

AR (2)(65.96913)

A = 8.24914125

I

Using the calculator | will now find an approximation.
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[REIET

=

’ \-:"Fl+.1":'
A = 8.2597312

Again as shown in the previous example the value is very close but not exact.

The area of Yz using 8 trapezoids

Ys=4x? —23x°+40x — 18, 1=x =3

Table Y3
M N
] 3
1.25| 3.875
1.5 3.75
1.75 3
2 2
225| 1.125
2.5 0.75
2.75 1.25
3 3
b—a n-l b—a
(2= |[f(a sh)+ > f(2a+k ))ﬂ
2n =1 n
A
o)

[ra+3)+|(2(1+13) + @i+283) + 2(1+3) + 2(1+4D)+
(2(1+ 5.;%;.:] +(2(1+ 6.;%;.:] +(2(1+ ?(é;.i].]]]

A
(f—&) [[6) = fli201.25)+ (201510 + (2(1.75)+ (2(2)+ (2(2.25)+ (2(25) + (22751



At(gmeyqzﬁﬁﬁ—ﬁj5—3—z— 1125+ 75 + 1.25))]
A (éj (37.5)
A 46875

[P 4x —23x% +40x — 18dx)
A~ 46

The following examples demonstrate to us, that this equation can find the
approximation of many different curves. For exponential as shown in Yy, In
radicals as shown in Y2 and also in cubic and in extension quadratic as shown in
Ys. This equation will get vou a very close approximate to your answer, and
again we can make it as approximate as we want by choosing the right
amount of ‘n’ frapezoids.

Scopes and Limitations

The limitations, b and a, of the graph are very important. They are your limitations and
show you how much vou need to calculate, even with your calculator.

The only true problem vou will find with this equation is the fime spent on if, and vou
accuracy is most likely not 100% correct.

M, NE i‘f.
Kel!

K must be an intfeger because it is calculating how many widths vou are adding, if it is
not an integer, then the width of vour trapezoid will change.

It is wrong to get a negative integral since we are calculating the area.
Appendix

Microsoft Word XP and Microsoft Excel was used to type this assignment. Microsoft
office’s "Equation” option was used to type the equations. The “Area” graphs were
used in Excel to draw them. The tables and graphs were all formed using Microsoft
Excel. | also used it's “function” option to give the answers for the tables.

All calculations were done using Ti-84.
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The following will describe how the Ti-84 was used to perform the functions and find the
area from section ‘Equations vs. Ti-84'. | will show it according to the first problem, Y;.

| went first fo ‘Y="and tvyped in my equation, I:‘Ei)i.)\f’rer it was drawn | went to “WINDOW'
and set it accordingly, | changed my ‘Xmin’ to 1 and ‘xmax’ to 3.

After that | pressed ‘2ND’ and ‘Trace’ to get to '‘CALC’. | went to option ‘7' which is the
infegration function. After | clicked that it took me back to the graph where | typed in
my end points.

Lower limit ‘1" ‘ENTER’
Upper limit ‘3" ‘ENTER’

And on the bottom it then showed me approximation which in this case was A =
8.2597312.

| used Paint to create the following screen shots of the process described
above.

Plotl Plot2 Plot3

\Y1=(x/2)"(2/3)
\Ya=
\Ys=
\Ya=
\Ys=
\Ye=

Y1=(x/2)"(2/3)

sf(x)dx=1.9806909



